The generalized Young inequality on the Lorentz spaces for commutative hypergroups is introdused and an application of it is given to the theory of fractional integrals. The boundedness on the Lorentz space and the Hardy-Littlewood-Sobolev theorem for the fractional integrals on the commutative hypergroups is proved.
Introduction and preliminaries
It is known that a convolution of two functions on R n is defined by f * R n g(x) = R n f (x − y)g(y)dy.
Classical Young's inequality on the L p (R n ) spaces the convolution of two functions on R n states that if f ∈ L p (R n ) and g ∈ L q (R n ), then
where p, q ∈ [1, ∞] and 
Moreover, (f * ϕ) K,p 0 ,q 0 ≤ 3p 0 f K,p 1 ,q 1 ϕ K,p 2 ,q 2 .
Note that f * K ϕ = ϕ * K f . For 1 ≤ p ≤ ∞, the Lebesgue space L p (K, λ) is defined as L p (K, λ) = {f : f is λ -measurable on K, f K,p < ∞} where f K,p is defined by
Let f be a λ-measurable function defined on the hypergroup K. The distribution function λ f of the function f is given by
The distribution function λ f is non-negative, non-increasing and continuous from the right.
With the distribution function we associate the non-increasing rearrangement of
Some elementary properties of λ f and f * K are listed below. The proofs of them can be found in [1] .
(1) If λ f is continuous and strictly decreasing, then f * K is the inverse of λ f , that is f
(2) f * K is continuous from the right.
where m f * K is a distribution function of the function f * K with respect to Lebesgue measure m on (0, ∞).
Furthermore, in the case p = ∞,
Note the following properties of f * * K :
(1 ′ ) f * * K is nonnegative, non-increasing and continuous on (0, ∞) and f
where
The Young inequality on Lebesgue spaces for compact commutative hypergroups was given in [9] . The generalized Young inequality on the Lorentz spaces for Bessel and Dunkl convolution operators were introduced in [3] and [5] correspondingly.
In this paper we establish the generalized Young inequality on the Lorentz spaces for commutative hypergroups and give an application of it to the theory of fractional integrals. The boundedness on the Lorentz spaces of the fractional integrals on the commutative hypergroups is proved. We also prove the Hardy-Littlewood-Sobolev theorem for the fractional integrals on the commutative hypergroups. 
and
Proof. Without loss of generality we can assume that the functions f and ϕ are nonnegative.
Also define functions h 1 and h 2 by
Then we have the following three estimates.
and (6) and (7) and obtain
and using (1) we have the inequality (4). Let us prove the inequality (5). For this purpose set a = ϕ * K (t) and use (7) and (8) . Then
Lemma 2.2 Let f and ϕ be λ-measurable functions on hypergroup K, then for all t > 0 the following inequality holds:
Proof. Without loss of generality we can assume that the functions f and ϕ are nonnegative. Let h = f * K ϕ and fix t > 0. Select a nondecreasing sequence
Since the series {s n } +∞ −∞ converges absolutely we have
Define functions h 1 and h 2 by
Estimate h * * K 1 (t). For this purpose use the inequality (5) with E = {x : f (x) > s n−1 } and β = s n − s n−1 . We have
To estimate h * * K 2 (t) we use the inequality (4)
This implies that
We will estimate the integral on the right-hand side of (11) by making the substitution s = f * K (ξ) and then integrating by parts. In order to justify the change of variable in the integral, consider a Riemann sum
that provides a close approximation to
By adding more points to the Riemann sum if necessary, we may assume that the left-hand end point of each interval on which λ f is constant is included among the s n . then the Riemann sum is not chanched if each s n that is contained in the interior of an interval on which λ f is constant, is deleted. It is now an easy matter to verify that for each of the remaining s n there is precisely one element, ξ n , such that
which, by adding more points if necessary, provides a close approximation to
If we recall (11) we get
Now let δ be an arbitrarily large number and choose ξ j such that
This means that
Now we estimate the expression δϕ
In other words
From (13) and (14) we obtain
By using this inequality and (12) we have
Finally, from (10) , (15) and (1) we get
By (18) and (21) we have
The next lemma is a classical estimate, known as Hardy's inequality.
3 Generalization of Young's inequality
and q 0 ≥ 1 is any number such that
Proof. Let h = f * K ϕ. Suppose that q 1 , q 2 , q 0 are all different from ∞. Then, by (16), we have 
Thus, from Theorem 4.1 and we have the required result.
